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Fig. 2a Force response for flat plate (M^ =0.85, reflecting bound-
ary conditions used in XTRAN2L).
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Fig. 2b Force response for flat plate (M& = 0.85, nonreflecting
boundary conditions used in XTRAN2L).

spurious oscillations due to reflected disturbances from the
boundaries. When the nonreflecting boundary conditions
were used (Fig. 2b), the reflected disturbances were small and
good agreement with the exact solution was obtained.

Conclusions
Nonreflecting far-field boundary conditions that are

consistent with the complete transonic small-disturbance
(TSD) equation have been derived. They were implemented in
a new code for solving the complete TSD equation and were
tested for a harmonically oscillating NACA 64AGIO airfoil in
transonic flow and for a flat-plate airfoil with a pulse in the
angle of attack. Using the new boundary conditions on a
relatively small grid, solutions for an NACA 64AGIO airfoil
that agreed with the large-grid calculations were obtained with
a 44% savings in computer time. Frequency responses for the
flat plate showed that most of the disturbances incident on the
computational boundaries were absorbed by the boundary
conditions.
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A New Self-Adaptive Grid Method
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Introduction

THE numerical solution of fluid flow and/or heat and
mass transfer problems often entails the necessity to place

a high concentration of finite difference points in regions of
large gradients, in order to obtain adequate resolution of
relevant parameters. In particular, there are many transient
situations in which it is desirable to permit the difference grid
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to alter in accordance with the current state of the solution of
the governing equations. To this aim, several adaptive grid
methods have been suggested.1"5 They have been demon-
strated to be effective in shifting the mesh distribution
dynamically so as to capture regions of large gradients and, in
general, gave more accurate solutions than use of a uniform
mesh would have furnished. In this Note, the basic concepts
underlying a new alternative method for self-adaptive
gridding is presented. The method is versatile and easy to
apply, requiring that the user specify only a minimal amount
of information.

Construction of the New Self-Adaptive Grid Method
For illustrative purposes, attention will be focused on the

one-dimensional case. Consider a differential equation E to
be solved in the interval 0<x< 1 in the physical domain. The
finite difference mesh imposed on this region will be allowed
to stray from uniformity in spacing according to some
predefined criterion. Actually, the numerical solution of E
will be carried out in a uniform computational domain,
0<£<1, such that

£ = H*,0 (1)

If both domains are subdivided into N elementary segments,
then

(2)

The segments Ax/ are to be permitted to change in size.
Evidently, from Eq. (2), any alteration in the length Ax/ will
result in alterations in the lengths of neighboring segments
Ax,-, for j^i. Suppose that the extent to which these changes
occur depends on the relative fulfillment of some condition in
each segment. This description suggests a sort of interaction
between elementary segments that may be formulated as

dependent variable.) Then a typical form for the rate constant
will be

Ax,-, (3)

which is analogous to a set of unimolecular reactions with
non-negative rate constants A:/,. This sort of chemistry is
described by the following ordinary differential equations:

d(Ax/)
(4)

The first and second terms on the right-hand side respectively
represent the way in which Ax/ is reduced in size for the sake
of Ax,- and the way in which each other segment Ax, con-
tributes to the growth of Ax/. Note that the solution of Eq. (4)
automatically insures conservation, as expressed in Eq. (2).

The key to actual changes in the segment lengths lies in the
rate constants and it is via ku that complete control over the
mesh point movements can be exercised. In order to
demonstrate construction of the "constants," suppose a
measure of "error" et can be associated with each segment.
(For example, ef can be taken as the local gradient of a

where

(5)

(6)

(Note: d is a small number introduced to avoid division by
zero, e.g., 10-30.)

(7)

y) =_
u 2

X; - Armax I - ( Ax, - Aymax)
(Axmax-Axmin) (8)

if c ;<MA*,(0)/Axmin]/r
in]/C// if c;><MAx,.(0)/Axmin]/'

(9)

Cj = 2J kjj (before normalizing) (10)
j=i

Each of these terms serves a specific purpose in controlling the
mesh movement. If the "error" in Ax/ is small relative to that
in Ax,-, then Ax, should decrease in size with further depletion
of Ax/ unnecessary. On the other hand, kjf should be ap-
propriately large to enable the required change in Ax, to
occur. k\/} is one function that achieves this aim. k\^ insures
that when the segments become distributed so that the
standard deviation of errors becomes small, then the con-
stants should accordingly tend to zero. k\p plays the role of
restricting the contribution of Ax/ to Ax, if the latter ap-
proaches some prespecified maximum permissible length.
This is introduced to avoid the excessive stretching of the
segments that can often lead to unnecessary truncation errors
which reduce the accuracy of the calculations. Note that this
upper bound can be determined and inserted during the actual
computation (e.g., whenx^ -xf, see Ref. 6). Finally, cfis an
automatic normalizer that prevents the segments from
collapsing beyond the lower bound Axmin. Its derivation stems
from assuming that only the depletion terms in Eq. (4) are
operative. The analytic solution of these amended equations is

Axi(t)=Axi(0)e~cit (11)

whence, upon demanding that Ax/U) be greater than Axmin,
the factor c* follows.

Applied in Eq. (4), these rate constants guarantee that the
movement of the mesh points in the physical domain con-
forms to the aforementioned criteria. Other additional criteria
may be readily grafted into the rate constants (e.g., a
dependence of segment length changes on the distance be-

Problem

Table 1 Data and boundary conditions for one-dimensional test problems

Initial conditions Boundary conditions

0
u(x,t)
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tween segments) and it is this adaptability to the demands of
the user that is an attractive feature of the method. For the
solution of Eq. (4), the system is treated as linear in Ax/, i.e.,
the fry are held constant for the time step t. This necessitates a
slightly more stringent demand on the value of Axmax so as not
to overstep the upper bound. Although the solution of Eq. (4)
can be obtained using standard ordinary differential equation
solvers, computational overheads can grow, especially when
the equations become stiff. Therefore, the following first-
order approximate solution of the full-segment equations has
been used, thus cutting computing costs drastically:

Axi(t)=Axi(0)e ~cit (12)

This expression satisfies Eq. (2), as required. (Note that
solution of Eq. (4) can be generated iteratively using

at

with Ax/0) =Ax/(0)e~c'/ and n = iteration index.) Once Ax/ is
known, the metric terms d^/dx and d£/dt can be computed
and E can be solved in the computational domain.

Computed Results
Some preliminary test problems were solved with the sole

purpose of examining the features of the proposed method.
The error measure adopted here was the local gradient of the
dependent variable, computed using central differences.
Three problems relating to the differential equation

du du 32u
(13)

were solved. The relevant data are summarized in Table 1. All
problems were solved explicitly. The time step was
automatically regulated to insure stability. Ten elementary
segments were used, with Axmin and Axmax being assigned the
(arbitrary) prefixed values 5 x 10 ~2 and 1.5 x 10 ~ l ,
respectively.

The computed solutions and mesh point distribution for
problem 1 are shown in Fig. 1 for various times. Initially, the
mesh points rush toward x = 0. As the solution evolves toward
the linear steady-state solution, the mesh point redistribute
themselves until they return to uniform spacing, as an-
ticipated. In Fig. 2 the (normalized) segment lengths at dif-
ferent times are shown for the second problem. Due to the
error measure utilized here, segments in the vicinity of £ = 0.5
are always stretched beyond 0.1. As the steady state is ap-
proached the outer segments grow, while the central ones
shrink toward the </> = 0.5 limit. The steady-state solution of
problem 3 is

u = stanh[sb(l-x)/2]

where s is the solution of

s=l+(s+l)exp(-s-b)

(14)

(15)

Various computed solutions and mesh distributions are shown
in Fig. 3. The agreement with the steady state is excellent, the
final mesh distribution being not quite uniform, in keeping
with the solution.

Conclusion
The principles of a new self-adaptive grid method have been

presented. The crux of the method involves certain rate
constants by means of which the user can regulate the mesh
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Fig. 1 Computed solution and mesh point distribution for problem
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Fig. 3 Computed solution and mesh distribution for problem 3.

movement with ease according to prespecified demands.
Preliminary test cases indicate the successful way the mesh
distribution remains faithful to the current state of the
solution. Extension of the method to general-shaped
multidimensional domains is in progress and results will be
reported in the future.
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